Abstract. The notion of quasi-simplicity of groups is introduced. It is proven that for a group of homeomorphisms G which is fixed point free and factorizable the commutator subgroup [G, G] is quasi-simple. Several examples of quasi-simple but non-simple homeomorphism groups are presented.
Introduction
In paper [8] Ling showed that for a factorizable and fixed point free group G the commutator subgroup [G, G] is the least subgroup of G, normalized by [G, G], which acts without any fixed point. In this note we introduce the notion of a quasi-simple group. This notion enables us to give a new formulation of Ling's theorem and a completely new proof of it. In the last section we present various examples of quasi-simple homeomorphism and diffeomorphism groups which are non-simple.
Ling's theorem is a generalization of the following theorem of Epstein [4] : Theorem 1.1. Let X be a paracompact space, let G be a group of homeomorphisms of X and let U be a basis of open sets of X satisfying the following axioms: Axiom 1. If U ∈ U and g ∈ G, then g(U ) ∈ U. Axiom 2. G acts transitively on U (i.e. ∀ U, V ∈ U ∃ g ∈ G : g(U ) = V ). Axiom 3. Let g ∈ G, U ∈ U and let B ⊆ U be a covering of X. Then there exist an integer n, elements g 1 , . . . , g n ∈ G and V 1 , . . . , V n ∈ B such that g = g n g n−1 . . . g 1 , supp(g i ) ⊂ V i and
Then [G, G], the commutator subgroup of G, is simple. Definition 1.5. G is factorizable if for any g ∈ G and for any V a covering of X there exist an integer n, elements g 1 , . . . , g n ∈ G and V 1 , . . . , V n ∈ V such that g = g n . . . g 1 and supp
We are going to prove that if X is a paracompact space and a fixed point free group G satisfies the factorizability condition (Definition 1.5), Quasi-simplicity of some homeomorphism and diffeomorphism groups 13 then [G, G] is quasi-simple. It is a consequence of the following more general theorem. Theorem 1.6. Let X be a paracompact space and let G satisfy the factorizability condition. If H is a fixed point free subgroup of G such that
The proof of Theorem 1.6
First we will present some propositions and lemmas. Let X be a paracompact space and let G be a group of homeomorphisms of X.
We begin with the following easily proven lemmas.
Lemma 2.2. Let G be fixed point free and factorizable. For any x ∈ X there is V, an open neighborhood of x, such that for any V with
In the sequel, we assume that G, H and X fulfill the assumptions of Theorem 1.6, i.e. X is paracompact, G satisfies the factorizability condition and H is a fixed point free subgroup of G such that
Obviously we may assume that G = {id}.
Proof. Let x ∈ X. Since H is fixed point free we can choose h 0 ∈ H such that x = h 0 (x). Now choose V with V ∩ h 0 (V ) = ∅ and diminish it if necessary such that Lemma 2.2 and Definition 1.5 hold. By Lemma 2.2 there are U, W and g with supp(g) ⊆ V such that x ∈ U ⊆ U ⊆ V, W ⊆ V, W ∩ U = ∅ and g(W ) = U . Now take a set B ⊆ B ⊆ V with U ∪ W ⊆ B and choose a covering of X consisting of sets X \ B and V.
From the factorizability there are h 1 , . . . , h n ∈ G with supp(
Since h 0 (V ) ∩ V = ∅ we have that h i−1 . . . h 1 (W ) and h 0 (supp(h i )) are disjoint so, by Lemma 2.1, we get:
By induction on n, we obtain
(ii) The orbits of H are the same as the orbits of G.
Proof. (i) Let x ∈ X. Since H is fixed point free we can choose h 0 ∈ H, h 0 = id such that h 0 (x) = x. Also, choose an open V with x ∈ V and V ∩ h 0 (V ) = ∅. From Lemma 2.2 and Proposition 2.3 we find U, W, g ∈ G with supp( g) ⊂ V and
This ends the proof of (i).
(ii) Let U 1 be a covering of X consisting of sets for which (i) holds.
Let x ∈ X and y ∈ O(x). We choose the minimal n such that n satisfies the condition that there exist g 1 , . . . , g n ∈ G, U 1 , . . . , U n ∈ U 1 with supp(g i ) ⊆ U i and y = g n . . . g 1 (x). By (i) we obtain h i ∈ H with h i | U i = g i | U i . Since n is minimal we have g i−1 . . . g 1 (x) ∈ U i , 1 i n. In other case we could omit g i and this would contradict the minimality of n. Inductively we obtain y = g n . . . g 1 (x) = h n g n−1 . . . g 1 (x) . . .
Proposition 2.5. For any x ∈ X there exists an open U with x ∈ U such that for
Proof. We begin with the following:
Proof of Claim 1. It is obvious that if G has a fixed point free subgroup then G is also fixed point free. So, since H is fixed point free we have that for any x ∈ X there is g ∈ G such that g(x) = x . We choose an open U with U ∩ g(U ) = ∅. By Lemma 2.2 there are V and W such that x ∈ V, V ∩ W = ∅, V ∪ W ⊆ U and there exists h ∈ G with h(V ) = W . By the assumption on sets U, V and W we have x = h(x) = g(x) = x. This completes the proof of Claim 1.
Note, that by Lemma 2.2, it can be proven that for any x ∈ X and for any open U with x ∈ U there are g, h ∈ G such that x, g(x), h(x) are pairwise distinct elements of U .
Let x ∈ X. By condition (ii) of Proposition 2.4 there are h 0,1 , h 0,2 ∈ H such that h 0,1 (x), h 0,2 (x), x are pairwise distinct. Now choose V ∈ U such that h 0,1 (V ), h 0,2 (V ), V are pairwise disjoint. By Claim 1 we can find g 1 , g 2 ∈ G such that g 1 (x), g 2 (x), x are pairwise distinct elements of V. Further, we can select U ⊆ V such that g 1 (U ), g 2 (U ), U are disjoint subsets of V.
Now we take h 1 , h 2 ∈ G such that supp(h i ) ⊆ U . As above, we define
It remains to show the equality of
Due to the manner of choice of the sets U and V, supp(f 1 | X\U ) ∩ supp(f 2 | X\U ) = ∅ and hence (2) [
The proof of Proposition 2.5 is complete.
Proof of Theorem 1.6. Let U 2 be a covering of X consisting of sets for which Proposition 2.5 holds. Since X is paracompact there exists a covering V ⊆ U 2 of X such that: [3] ).
In view of the factorizability, the set G generates G. Let h 1 , h 2 ∈ G and choose 
. Now we will show that
To do this, choose W i ∈ V with supp(h i ) ⊆ W i for i = 1, 2. We can assume
From the factorizability we obtain g 1 . . . , g r , k 1 . . . k s ∈ G, open sets U and Z with supp(g i ) ⊆ U , supp(k i ) ⊂ X \ Z, and g is a superposition of functions g i , k j , where i = 1, . . . , r and j = 1, . . . , s.
Using the obvious formula
where x i , y i are some elements of G. Hence
. g ∈ G, h 1 , h 2 ∈ G , which is a normal subgroup of G. By (4) we have K ⊆ H. Since G is generated by G, G/K is generated by {hK : h ∈ G}. Since [h 1 , h 2 ] ∈ K for h i ∈ G, generators of G/K commute and hence G/K is abelian. Therefore 
